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It is interesting to bring this work of Stieltjes into connection with the table of 'Fade [44] . The odd oonvergents of the continued fraction of Stieltjes fill the principal diagonal of Pade's table, thus constituting by themselves a continued fraction of the third type, and the even convergents fill the parallel file immediately below, forming a similar continued fraction. The significance of distinct limits for the two sets of convergents is thus made clearer.
The series of Stieltjes has perhaps its greatest interest when treated in connection with the theory of divergent series. Although the continued fraction always converges if the series does, the converse is not true. For when the series (9) is divergent, two cases are to be distinguished according as 2a^ is divergent or convergent. In the former case the continued fraction gives one and only one functional equivalent of the divergent series. Le Roy states,* though without proof, that the function furnished is identical with the one obtained from the series by the method of Borelj whenever the latter method is applicable also. When 2a^ is convergent, two different functions are obtained from the continued fraction, the one through the even and the other through the odd convergents. And if there are two such functions which correspond to the series, there must be an infinite number. For if </>(#) and ^(#), when expanded formally, give rise to the same divergent series, so also will
in which c denotes an arbitrary constant. Special properties, however, attach themselves to the two functions picked out by the continued fraction of Stieltjes, upon which we can not linger here. This result of Stieltjes seems to me to be especially significant, since it indicates a division of divergent series into at least two classes, the one class containing the series for which there is properly a single functional equivalent and the other comprising the
*Loo. eft., p. 428.e addition of a few line
